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SUMMARY: Ray-tracing calculations show that a trough, L = 4.6, located
in the region outside the plasmapause is capable to guide whistler-mode waves in
frequency range 0.5fBmin−0.64fBmin, from one hemisphere to the other. From an
initial position rays propagate in unducted mode up to h ∼ 14000 km where they
are trapped inside the trough. Propagation along the trough is possible only with
great shifting of wave normal direction in respect to the direction of the geomagnetic
induction B, following the variations of the magnitude of the ambiental geomagnetic

induction, or those of ratio f/fB. On leaving the trough rays propagate in unducted
mode downward in the magnetosphere.

1. INTRODUCTION

Many kinds of whistler-mode emissions in the
VLF/ELF range are observed just around the pla-
smapause. This region is one of the places in the
magnetosphere which is abundant in wave phenom-
ena in different frequency ranges (Hattori et al.,
1991). Many authors have investigated various as-
pects of whistler- mode wave propagation near or in-
side plasmapause. They have analyzed waves in fre-
quency range f<0.5fB (for example Inan and Bell,
1977; Lester and Smith, 1980; Sazhin and Varsha-
vski, 1982; Hattori et al., 1991).

High frequency f>0.5fB whistler-mode VLF
emissions were discovered later. Hayakawa et al.
(1984) have elucidated the detailed characteristics
of the VLF emissons by determing the wave nor-
mal directions of the waves observed in the vicin-
ity of the equator on the GEOS 2 satellite. High
frequency whistler-mode VLF emissions are excited
at the equator of the magnetosphere, at frequency

above 0.5fB and with wave normal close to the obli-
que resonance angle for whistler propagation (Muto
and Hayakawa, 1987).

It is well known that whistlers propagating in
the ducts (waveguide with an enhancement of elec-
tron density) have an upper cut-off frequency. This
frequency is generally equal to one half of the min-
imum gyrofrequency along the ray path (Carpen-
ter, 1968). Whistlers guided by or around inner
side of the trough have an upper cut-off frequency
∼ 0.5fBmin (Šulić, 1991). Trapping of whistler mode
waves with f>0.5fBmin is possible only in troughs
(Helliwell, 1965).

The main aim of this paper is an attempt to
define the characteristics of the trough in the re-
gion outside of the plasmapause capable of guiding
whistler-mode waves with frequencies f>0.5fB. We
restrict our analysis to cold plasma and symmet-
ric winter-night, WN, model of the magnetosphere.
Ray-tracing calculations have been done to define
initial conditions which are favorable for rays to be
trapped by a trough at high altitudes and propa-
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gate from hemisphere to hemisphere. On the basis
of these calculations we define the region outside the
plasmapause from dipole latitude α ∼ −30◦ to +30◦
where a trough could trap whistler-mode waves with
f>0.5fB.

2. THEORETICAL BASIS

The magnetosphere is the region of the terres-
trial environment where the geomagnetic field exerts
the dominating influence on the motions of charged
particles. The medium consits of neutral particles
and equal number of positive and negative charged
particles. The cold plasma approximation allows wri-
ting the dispersion equation for various waves in a
particularly simple form

N2 =1− 2X(1 −X)
2(1−X)−Y2sin2θ±Y√

Y2sin4θ+4(1−X)2cos2θ
(1)

where:
X = fp

2/f2; fp - electron plasma frequency; f - wave
frequency
Y = fB/f ; fB electron gyrofrequency
θ angle between wave normal k and the direction of
B.

This is the well known Appleton-Hartree equation.
It is clear from Eq. (1) that the refractive index is a
function of the wave normal angle θ. Such a medium
is called anisotropic. The angle wherewith N → ∞
is called the resonance angle and is given by

θ = θr < arccos

√
X + Y 2 − 1

XY 2
. (2)

Most of the known properties of the whistlers can be
explained with the aid of the magneto-ionic theory
(Budden, 1961; Ratcliffe, 1972). At whistler frequen-
cies the wave is affected mainly by electrons, because
of the relatively small mass and the effects of ions can
often be neglected. In the magnetosphere for finite
value of θ the folowing conditions

Y 2sin2 θ .′ 2 | 1 −X |
Y 4sin4 θ .′ 4(1 −X)2cos2 θ (3)

are valid. These conditions are known as quasi-longi-
tudinal approximation. After applying them in Eq.
(1) the real part of refractive index is

µ2 = 1 +
X

Y cos θ − 1
(4)

The relation (4) predicts wave propagation for µ2 >
0 and it takes effect when

θ = θr < arccosY −1. (5)

If θ → θr then µ2 → ∞.
In an anisotropic medium the direction of en-

ergy flow, or ray direction, differs markedly from the

direction of the wave normal. The wave phase ve-
locity is given as vph = c/µ. When the wave is not
strongly damped or amplified and the dispersion of
the medium is not larger than the wave packet, clus-
ter of wave energy propagates with the group veloc-
ity. Restricting the analysis to whistler mode prop-
agation in a cold dense plasma and neglecting the
contribution of ions (Helliwell, 1965; Sazhin, 1993)
the absolute value of vg is

| vg | =
cfB

fp

√
Y cos θ − 1
Y 2 cos θ

·

·
√

4(Y cos θ − 1)2 − Y 2sin2 θ

(6)

When θ �= 0 the direction of vg does not coincide
with the direction of wave normal k.

The corresponding angle between B and vg

direction can be determined from equation

ψ = θ − arctan
Y sin θ

2(Y cos θ − 1)
(7)

The angle θ changes during the wave propagation
in the magnetosphere and causes the change of ψ.
By Eq. (7) the direction of vg with respect to B
and k can be determinated. As whistler wave prop-
agates in the magnetosphere, where fp and fB are
vary changeable, directions of k and vg with respect
to B are also varied.

3. MAGNETOSPHERIC MODEL AND
RAY-TRACING

The electron and ion densities are represented
by field-aligned isothermal diffusive equilibrium mo-
del (Angermani and Thomas, 1964). The electron
density at any point in the magnetosphere is cal-
culated from the electron, ion (H+, He+ and O+)
and temperature profiles at a reference level of 900
km. The charged particle temperature and densities
at the reference level are given by polynomial and
exponential fits to satellite data for different sea-
sonal and diurnal conditions (Denby et al., 1980).
The results presented in this paper are obtained by
two-dimensional ray-tracing program (Strangeways,
1992), which is based on Haselgrove’s equations. The
refractive index (4) is calculated that the medium is
treated as consisting of a cold collisionless plasma
composed of electrons and three species of ions.

The geomagnetic field model used is a centered
dipole with an electron gyrofrequency of 870 kHz on
the ground at the equator.

It is assumed that whistlers in the magneto-
sphere propagate along waveguides i. e. field-aligned
crests or troughs of electron density (Helliwell, 1965;
Park and Helliwell, 1971). A trough with a Gaussian
cross section can be incorporated into the model of
the magnetosphere, which gives an additional depres-
sion in electron density. Namely,

Ne = Ne0(1 − δe−x2/σd
2
) (8)
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where Ne0 denotes the slowly varying background
electron density; x is the separation (in km) between
the field lines corresponding to the ray position and
that of the trough center; δ is the electron density
depression at the trough center and σd is the distance
either side of the trough center where the electron
density has a value of Ne0(1−δ/√e). A depression of
the electron density has the value of one- tenth of δ at
2.15σd either side of the trough center (Strangeways,
1991)

4. RESULTS

In this paper we examine how trough incorpo-
rated in the region outside the plasmapause can act
to guide VLF waves with frequency above one half
the gyrofrequency. The plasmapause is an impor-
tant boundary in the inner magnetosphere where the
equatorial electron density drops abruptly by a factor
of 10 or 100. The plasmapause location varies with
local time and geomagnetic condition, but the aver-
age location is around Lpp ∼ 4 (Carpenter, 1966).
Along the closed geomagnetic field line L is constant
and L = 1/cos2α, where α is the dipole latitude. So
in this paper we take Lpp = 4.0 defining the position
of the inner edge of the plasmapause for WN model
of the magnetosphere.

In our ray-tracing calculations a trough at L =
4.6 has been modelled with an electron density de-
pression of 10% and effective width of 215 km in the
equatorial plane. The full depression in a trough has
been reached at 2100 km in the WN model of the
magnetosphere. From that altitude the central de-
pression at x = 0 has varied linearly from δ = −10%
to zero at 300 km altitude. Fig. 1 shows the merid-
ional cross section of the magnetosphere, illustrating
the position of a trough at L = 4.6.

Fig. 1. Meridional cross section of the magneto-
sphere. The light line illustrates the location of the
trough. The heavy line shows the path of the trapped
in the trough.

In Šulić (1997) it has been shown that a whis-
tler in a frequency range 1-4.4 kHz could be guided

by the trough located at L = 4.6. The minimum elec-
tron gyrofreqency along the trough center at L = 4.6
is fBmin = 9 kHz. To analyze the effect of guiding
VLF waves with frequencies greater than 0.5fBmin
by a trough, ray-tracing calculations have been done
for rays in frequency range f = 5 − 6 kHz with 0.05
kHz steps. All rays started at 300 km altitude from
an initial latitude of α = −60 .◦ 95. A wave normal
angle to the vertical was changed from −1◦ to 0◦ in
so small a step as 10−3. Rays in the frequency range
f = 5.3−5.8 kHz successfully passed from one hemi-
sphere to another. We have defined for these rays
the initial wave normal angles, thus allowing them to
reach 300 km altitude in the conjugate hemisphere
with final wave normal angle inside the ionospheric
transmission cone. Here are presented results only
for 5.75 kHz ray, which started from initial position
with wave normal angle to vertical of −0 .◦ 78. Ray
propagated in unducted mode from initial altitude
up to altitude h = 14300 km and α = −32 .◦ 50 where
it entered into the trough. In that position angle be-
tween k and B was θ = 53◦. Entering into the trough
the ray propagated inside it (the heavy line in Fig.
1), crossed the eqatorial plane and left it in the op-
posite hemisphere at altitude h = 14500 km and α =
32 .◦ 5. Leaving the trough the ray propagated in un-
ducted mode downward to the ionospheric levels. In
the unducted mode both the wave normal and the
ray direction can deviate significantly from the geo-
magnetic field direction. The attention of our work
was to ray path characteristics inside the trough. For
this part of the ray path inside the trough, conditions
(3) are satisfied and quasi-longitudinal approxima-
tion can be used. The variation of ray path versus
dipole latitude is shown in Fig. 2. The inner and
outer sides of the trough are shown with dashed lines
in Fig 2. As the ray moved in the trough, it crossed
several times the trough center.

Fig. 2. Ray path for f = 5.75 kHz versus dipole
latitude.

To test the obtained results we have done ray-
tracing calculations for ray f = 5.75 kHz but starting
from an altitude h = 14300 km and dipole latitde
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α = −32 .◦ 10 with wave normal to B θ = 30◦. The
same character of ray propagation is obtained. In
the region of the magnetosphere from α = −32◦ to
+32◦ the trough L = 4.6 enables the propagation of
the ray f = 5.75 kHz.

The ray exibits three different way of prop-
agation through the trough. These differences are
results of changeable electron gyrofrequency and di-
rections of wave normal and group velocity in respect
to B.

The location of the trough is in the region
outside the plasmapause, where is electron density
is low. In the analyzed region electron plasma fre-
quency changed from 19.2 kHz to 16.9 kHz, which
means that fp>f . The electron qyrofrequency falls
off from 34 kHz to 9 kHz, as ray propagates from
α = −32 .◦ 10 to the equatorial plane. In the conju-
gate hemisphere the electron gyrofreqency increases
from 9 kHz to 34.5 kHz.

The effect of changing ratio f/fB When the
ray enters in the trough there is f/fB = 0.17. As
ray propagates through the trough to the equatorial
plane the ratio f/fB increases to 0.64. Around the
equatorial plane the ray experiences the minimum
gyrofrequency along the path. In the opposite hemi-
sphere the behaviour of f/fB is reverse, it decreases
up to 0.17 at the position when the ray leaves the
trough. In general there are two principal regions
of interest, one with 0.1<f/fB<0.5 and other with
f/fb>0.5. The gray segment in Fig. 3 represents re-
gion where f/fB>0.5. This ratio f/fB = Y −1 is the
parameter for calculating the resonance angle (5).
The resonance angle versus dipole latitude is shown
in Fig. 3 (dashed lines).

Fig. 3. Characteristics of wave normal angle and
angle between group velocity to B versus dipole lati-
tude for ray f = 5.75 kHz.

The behaviour of wave normal direction to B
has been studied along the trapped ray in the trough
L = 4.6. The angle θ versus dipole latitude is shown
with heavy line in Fig. 3. In the segment of the
trough, where f/fB<0.5, wave normal and group ve-
locity are always on the same side of B. The ray is
trapped with θ = 530. As ray approaches the seg-
ment where f/fB ∼ 0.5 θ slowly decraeses. There are
significant differences between θ and resonance angle
for the whole analyzed part of the ray path. Using
Eq. (7) the angle betweeen vg and B has been calcu-
lated and is shown by light line in Fig. 3. Along the
whole analyzed ray path in the trough this angle has
values ψ< | 12◦ |. In the segment where f/fB<0.5
the direction of vg is on the same side as wave nor-
mal in respect to B. The deviation of the direction
of whistler-mode group velocity from the direction of
B is less than the deviation of wave normal.

In the segment of the trough, where f/fB>0.5
the ray changes the mode of propagation. The group
velocity moves to the left when the wave normal is
on the rigth in respect to B. The group velocity ro-
tates in the opposite sense to that of the wave normal
and therefore rotates away from regions of increas-
ing refractive index. When both angles θ and ψ have
values zero, ray path crosses the trough center and
at that points k and vg are parallel with B.

In the opposite hemisphere, when the ray lea-
ves region where f/fB>0.5 the wave normal and
group velocity are again on the same side in respect
to B. As ray propagates through the trough where
ratio f/fB is decreasing the direction of wave normal
moves away from the direction of B.

5. CONCLUSION

We have carried out ray-tracing computation
for the whistler-mode waves in frequency range f =
5.3−5.8 kHz, which coresponds to f/fB = 0.6−0.64.
The results show that these rays could be trapped at
an altitude h ∼ 14000 km in the trough l = 4.6.
This propagation is possible with great displacement
of wave normal direction in respect to B, following
the variations of the magnitude of the ambiental ge-
omagnetic induction, or ratio f/fB

(1) Starting from an initial altitude of 300 km
all rays propagate in unducted mode up to h ∼ 14000
km where they are trapped by the trough. Leaving
the trough at similar altitude in the opposite hemi-
sphere, they propagate as unducted mode downward.

(2) Rays are trapped in the trough in the re-
gion outside of the plasmapause from α ∼ −32◦ to
+32◦.

(3) Inside the trough the rays change the mode
of propagation due to the variation of the ratio of
f/fB.

(4) In the trough the trapped ray has θ values
less than resonance angle. This difference is larges
than 30◦.

(5) The range of initial wave normal angle,
from which starting rays could propagate interhemi-
spherically and could be received at the ground, is
very, very narrow.
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PROSTIRAǋE TALASA U MODU ZVI�DUKA SA FREKVENCIJAMA
IZNAD JEDNE POLAVINE OD �IROFREKVENCIJE KROZ MAGNETOSFERU

D. M. Xuli�

Astronomska opservatorija, Volgina 7, 11160 Beograd-74, Jugoslavija

UDK 523.31–852
Originalni nauqni rad

Raqunaǌa ray-tracing metodom su pokaza-
la da uvala (talasovod sa smaǌenom koncen-
tracijom elektrona u odnosu na okolnu pla-
zmu) smextena na L= 4.6 u delu magnetosfere
iza plazmapauze, mo�e da provodi talase u
modu zvi�duka u frekventnom opsegu 0.6fB −
0.64fB od jedne do druge hemisfere. Talasi
sa poqetnih pozicija u nekanalisanom modu
prostiru se nagore do visine h ∼ 14000 km,

gde ulaze u uvalu. Prostiraǌe unutar uvale
je mogu�e samo sa velikim pomeraǌem pravca
vektora talasne normale u odnosu na pravac
geomagnecke indukcije B, prate�i promene in-
tenziteta geomagnecke indukcije u okru�eǌu
ili promenu odnosa f/fB. Napuxtaǌem uvale
u suprotnoj hemisferi talas se u nekanalisa-
nom modu prostire nadole kroz magnetosferu.
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