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SUMMARY: In light of recent debates on the existence of a gigaparsec-scale structure traced by
gamma-ray bursts, namely the Hercules-Corona Borealis Great Wall (HCBGW), we revisit large-scale
homogeneity in the spatial distribution of quasars. Our volume-limited sample of quasars in the redshift
range 1.6 < z ≤ 2.1, which is constructed from the data release 7 of the Sloan Digital Sky Survey
quasar catalogue, covers about half of the suspected HCBGW region. We analyze the sample in two
complementary ways: fractal analysis of determining the average scale of homogeneity and friends-
of-friends analysis of identifying specific large-scale structures. The quasar distribution on average
reaches homogeneity at rh = 136 ± 38h−1 Mpc and the richness and comoving size frequencies of large
(& 150h−1 Mpc) quasar groups are consistent with the prediction of homogeneous distribution. These
results put constraints on the spatial extent of the HCBGW but do not contradict its existence since
our quasar sample does not cover the entire HCBGW region.
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1. INTRODUCTION

The cosmological principle is the hypothesis that
the universe is homogeneous and isotropic if aver-
aged over a sufficiently large scale, which allows us to
describe the background geometry of spacetime by
the Friedmann-Lemâıtre-Robertson-Walker (FLRW)
metric. It is a crucial assumption in the concordance
Lambda Cold Dark Matter (ΛCDM) model, a variety
of spatially flat FLRW general relativistic cosmolo-
gies (e.g. Ellis et al. 2012).

The homogeneity scale is a comoving length scale
above which the distribution of cosmic matter looks
uniform within a certain precision. Statistical stud-
ies of the spatial distribution of galaxies and quasars
have shown that the homogeneity scale should lie
within 70h−1 Mpc and 200h−1 Mpc (e.g. Pan and
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BY-NC-ND 4.0 International licence.

Coles 2000, Hogg et al. 2005, Sarkar et al. 2009,
Scrimgeour et al. 2012, Laurent et al. 2016, Ntelis
et al. 2017, Gonçalves et al. 2018a,b, Gonçalves et al.
2021), which is consistent with the theoretical upper
limit ≈ 260h−1 Mpc for the ΛCDM model (Yadav
et al. 2010). However, some authors argue that the
current observational data do not show homogeneity
even on the largest scales explored thus far (e.g. Joyce
et al. 1999, Sylos Labini et al. 2009, Sylos Labini 2011,
Sylos Labini et al. 2014, Park et al. 2017).

The existence of cosmic structures (i.e. filaments
and walls traced by galaxies and quasars) larger than
the homogeneity scale has often been claimed to be
evidence against the cosmological principle (Sheth
and Diaferio 2011, Clowes et al. 2012, 2013). How-
ever, subsequent studies have shown that such struc-
tures can be formed in a ΛCDM universe (Park et al.
2012, Marinello et al. 2016), or that they are not
even physical structures but merely patterns created
by chance (Nadathur 2013, Pilipenko and Malinovsky
2013, Einasto et al. 2014, Park et al. 2015). The lat-
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est report by Lopez et al. (2022) on the discovery of
a gigaparsec-scale arc-like structure would also need
to be examined in more detail.

In recent years, the accumulating redshift data
of distant gamma-ray bursts (GRBs) have revealed
the possible existence of other gigantic structures.
The so-called Hercules-Corona Borealis Great Wall
(HCBGW) spanning about 3 Gpc in the redshift
range 1.6 < z ≤ 2.1 is one example (Horváth et al.
2014, 2015, 2020), the Giant GRB Ring of diameter
1.7 Gpc at 0.78 < z < 0.86 is another (Balázs et al.
2015, 2018). These associations of GRBs greatly ex-
ceed in size the predicted upper limit of the homo-
geneity scale 260h−1 Mpc (Yadav et al. 2010), and
their existence may not reconcile with the cosmo-
logical principle (Mészáros 2019). The HCBGW has
also attracted attention as a candidate for the largest
structure possible in the screening of gravity (Eingorn
2016, Canay and Eingorn 2020).

However, there is debate about the statistical
significance of the HCBGW. Ukwatta and Woźniak
(2016) argued that the anisotropic distribution of
GRBs at the location of the HCBGW can be ac-
counted for by nonuniform exposure times over the
sky of the Neil Gehrels Swift Observatory. Christian
(2020) investigated in detail the validity of the sta-
tistical methods employed by Horváth et al. (2014,
2015) and concluded negatively. Although Horváth
et al. (2020) countered these papers, they also ad-
mit that the currently available GRB data are not
sufficient to confirm the existence of the HCBGW.

If the HCBGW is a physical structure, it should
also affect the distribution of cosmic objects other
than GRBs. In this context, we explore large-scale
homogeneity in the spatial distribution of quasars at
redshifts 1.6 < z ≤ 2.1, which are taken from the
data release 7 (DR7) of the Sloan Digital Sky Sur-
vey (SDSS) quasar catalogue (Schneider et al. 2010).
Nadathur (2013), Pilipenko and Malinovsky (2013),
Einasto et al. (2014) and Park et al. (2015) performed
similar tests using the same catalogue, but they used
quasars at redshifts z ≤ 1.8. Our quasar sample cov-
ers about half of the area where the HCBGW is sup-
posed to lie.

The paper is organized as follows. In Section 2, we
define the term “HCBGW region”, i.e. the location
and extent of the HCBGW, following the method of
Horváth et al. (2014, 2015, 2020). In Section 3, we
construct a volume-limited uniform sample of quasars
that covers about half of the identified HCBGW re-
gion. Using this sample, we perform a fractal analysis
to measure the homogeneity scale (Section 4) and a
friends-of-friends analysis to study specific large-scale
structures (Section 5). Discussion and conclusion are
given in Section 6.

Throughout the paper, we assume the concor-
dance ΛCDM cosmology with density parameters
Ωm = 0.3, ΩΛ = 0.7 and the Hubble-Lemâıtre con-
stant H0 = 100h km s−1 Mpc−1 with h = 0.7.

2. THE SUSPECTED HCBGW REGION

The possible existence of the HCBGW has been
claimed by Horváth et al. (2014, 2015, 2020) on the
basis of an unusually large (on a scale of ∼ 50◦) clus-
tering of GRBs at redshifts 1.6 < z ≤ 2.1. Fig. 1
shows the sky distribution of 63 GRBs in this red-
shift range, which we retrieved from the Gamma-
Ray Burst Online Index (GRBOX)1 database as of
17 January 2021. The location and extent of the
HCBGW, or simply the HCBGW region, is outlined
by the celestial circle of radius ≈ 49 .◦46 centered at
(α, δ) ≈ (212◦, 46◦). As described below, we deter-
mined this HCBGW region by using the point-radius
bootstrap method, which Horváth et al. (2014, 2015,
2020) introduced to show the statistical significance
of the large-scale anisotropy of GRBs at redshifts
1.6 < z ≤ 2.1.
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Fig. 1: The sky distribution of 63 GRBs (black dots) at

redshifts 1.6 < z ≤ 2.1 in the equatorial coordinates with

Mollweide projection. Small grey dots are the SDSS DR7

quasars in our volume-limited sample in the same redshift

range. The HCBGW region identified by the point-radius

bootstrap method, which is a spherical disk of angular

radius ≈ 49 .◦46 centered on (α, δ) ≈ (212◦, 46◦), is out-

lined by the dashed line.

In the point-radius bootstrap method, one calcu-
lates the maximum number of GRBs that can be en-
closed in a celestial circle of radius θ, which we de-
note as Nmax(θ). The same quantity is calculated for
a large number of random catalogues, then the sta-
tistical significance is measured by the relative num-
ber of random catalogues with Nmax(θ) equal to or
greater than that of the data. For generating ran-
dom catalogues, we follow the assumption made by
Horváth et al. (2014, 2015, 2020) that the sky expo-
sure function of the GRBs is independent of redshift.
Based on this assumption, a random catalogue is con-
structed by randomly choosing 63 celestial positions
from the whole set of 488 GRBs with measured red-
shifts, which are taken from the GRBOX as of 17
January 2021. We generate 10000 such random cat-
alogues.

The most statistically significant anisotropy is
found at θ ≈ 49 .◦46, where we obtained Nmax(θ) = 32

1https://sites.astro.caltech.edu/grbox/grbox.php
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for the GRB data while only 0.03% of random cat-
alogues had Nmax(θ) ≥ 32. Based on this result,
we define the HCBGW region as the celestial cir-
cle of radius 49 .◦46 centered at (α, δ) ≈ (212◦, 46◦),
which contains 32 GRBs at redshifts 1.6 < z ≤ 2.1
(Fig. 1). The angular radius corresponds to the co-
moving length of ≈ 3.4h−1 Gpc at z ∼ 2. Our
result is generally consistent with that of Horváth
et al. (2020), who used 64 GRBs in the same red-
shift range 1.6 < z ≤ 2.1 obtained from the GRBOX
as of March 2018. Using the point-radius bootstrap
method, they found the most statistically significant
anisotropy at θ ≈ 45 .◦6 (r ≡ (1 − cos θ)/2 = 0.15
in their parametrization) with Nmax(θ) = 33, and
only 0.01% of random catalogues had Nmax(θ) ≥ 33.
Note that the redshift range 1.6 < z ≤ 2.1 is prese-
lected by Horváth et al. (2014, 2015, 2020) because
of its strong anisotropy in the celestial distribution
of GRBs, thus the p-value ∼ 0.01% mentioned above
would be biased toward a lower value (Ukwatta and
Woźniak 2016, Christian 2020).

Note also that the GRB sample of Horváth et al.
(2020) and the one used in this work would over-
lap for the most part, but it is difficult to identify
the difference and replicate their results. This is be-
cause the GRBOX changes its records irregularly de-
pending on the changes of other online sources, and
the update history seems not publicly available. For
instance, the redshift of GRB 020819 changed from
z = 0.41 (Jakobsson et al. 2005) to z = 1.9621 (Per-
ley et al. 2017) probably soon after the publication of
the latter: Table A.1 of Horváth et al. (2015) records
the former value, while our query returned the lat-
ter value. However, this is not a major issue since
our purpose here is not to make a strict comparison
with the previous studies, but to define the HCBGW
region in a way that is consistent with them.

3. QUASAR DATA

If the HCBGW is a physical structure extend-
ing over gigaparsecs, its existence should also be
detectable in the quasar distribution. Quasars are
known to be a good tracer of large-scale structures,
and their brightness makes them particularly useful
for probing the distant universe (e.g. Miller et al.
2004, Einasto et al. 2014, Song et al. 2016). In this
work, we use the final version of the SDSS-I/II quasar
catalogue (DR7, Schneider et al. 2010), especially its
value-added version provided by Shen et al. (2011).
Our sample of quasars covers a continuous region of
5837 deg2 in the north galactic hemisphere, which
includes about half of the suspected HCBGW region
(Fig. 1).

There is a newer version DR16 of the SDSS quasar
catalogue (Lyke et al. 2020), which compiles all
quasars in the DR7 catalogue and additional data
obtained in the successive SDSS-III/IV projects. We
do not use this latest version since most of the SDSS-
III/IV quasars in the north galactic hemisphere are

in the area 120◦ < α < 250◦, 30◦ < δ < 60◦ (see, e.g.
Fig. 1 of Ross et al. 2020), which only covers about
a quarter of the HCBGW region. To work on a sta-
tistically homogeneous sample that covers as large a
portion of the HCBGW region as possible, we use the
DR7 catalogue at the expense of additional quasar
data in the newer version. The sample construction
is described in what follows.

First, since we are interested in the redshift range
of the HCBGW, only quasars at redshifts 1.6 <
z ≤ 2.1 are extracted. The uniform target condition
(UNIFORM_TARGET=1; see Shen et al. 2011) is then ap-
plied, which leaves only quasars that were uniformly
selected as spectroscopic targets by the algorithm of
Richards et al. (2002). This condition is necessary
for making a statistically homogeneous sample, and
the selection function of such a sample is known to
be nearly uniform in the sky (Shen et al. 2007, 2011).

As Shen et al. (2007) described in detail, the sky
coverage of the uniform sample can be quantified as
an overlapping region of rectangular targeting tiles
(used for imaging) of width 2 .◦5 and circular spectro-
scopic tiles of radius 1 .◦49. We retrieved the tiling
geometry data by querying the SDSS DR7 database
via Catalog Archive Server Jobs System (CasJobs)2.
From the entire region with uniform selection, a con-
tinuous region of ≈ 5837 deg2 is selected for our anal-
yses (Fig. 1). This uniform sample contains 11175
quasars at redshifts 1.6 < z ≤ 2.1, and its comov-
ing number density is ≈ 9.7× 10−7h3 Mpc−3. Fig. 2
shows that the number density of the uniform sample
is decreasing with redshift.

Lastly, for making a volume-limited sample whose
number density is constant over redshift, the follow-
ing absolute magnitude cut is applied as in Park et al.
(2015):

Mi,z=2 ≤ 1.697z2 − 6.895z − 19.857, (1)

where Mi,z=2 is the i-band absolute magnitude that
is K-corrected to z = 2 (Richards et al. 2006). The
values of Mi,z=2 are also taken from the value-added
catalogue of Shen et al. (2011); we need not recal-
culate them because Shen et al. (2011) assumed the
same cosmological parameters as those in this work.
The finally obtained volume-limited sample contains
Nq = 7847 quasars, whose comoving number density

is ≈ 6.8× 10−7h3 Mpc−3 and is nearly constant over
redshift (Fig. 2).

4. FRACTAL ANALYSIS

One of the standard ways to investigate the large-
scale homogeneity of the universe is to measure the
homogeneity scale, denoted as rh, in the spatial dis-
tribution of cosmic objects. In this section, we per-
form this test for our quasar sample based on the
counts-in-spheres N(< r) and the fractal correlation
dimension D2(r).

2https://skyserver.sdss.org/casjobs/
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Fig. 2: The comoving number density of quasars. The

empty bars are for all quasars satisfying the uniform tar-

get condition, and the shaded bars are for our volume-

limited quasar sample.

4.1. Fractal correlation dimension

The fractal correlation dimension is defined as
(e.g. Wu et al. 1999):

D2(r) ≡ d lnN(< r)

d ln r
, (2)

where N(< r) is the counts-in-spheres of radius r,
i.e. the average number of neighbours of a cosmic ob-
ject (a quasar in this work) within comoving radius
r. For a homogeneous distribution in space we have
N(< r) ∝ r3 and D2 = 3, while for a fractal distri-
bution of points that has self-similar structures on all
scales, we have N(< r) ∝ rD2 with 0 < D2 < 3. The
latter case has been pursued by some authors as frac-
tal cosmology (Grujic 2011, and references therein).

For a point distribution that is hierarchically
clustered on small scales but homogeneous on large
enough scales, which we assume in the standard cos-
mology (i.e. the cosmological principle), the counts-
in-spheres is related to the two-point correlation func-
tion ξ(r) via:

N(< r) = 4πn̄

∫ r

0

(1 + ξ(s)) s2ds, (3)

where n̄ is the average number density of the popula-
tion. In this case, we have 0 < D2(r) < 3 for a small
r due to small-scale clustering, and D2(r) approaches
to the homogeneous value of 3 as r increases. Indeed,
when the correlation function has a power-law form
ξ(r) = (r/r0)−γ with a correlation length r0 > 0 and
a slope 0 < γ < 3 (e.g. Totsuji and Kihara 1969, Pee-
bles 1980), we can calculate D2(r) analytically as:

D2(r) = 3− 3γ

3 + (3− γ)(r/r0)γ
, (4)

which satisfies D2(0) = 3 − γ and D2(+∞) = 3.
The homogeneity scale can be defined as the comov-

ing length where D2(r) is closer to 3 than a certain
threshold.

4.2. Estimation of the homogeneity scale

To correct for the survey geometry, we generate
R = 100 random catalogues, each of which contains
Nq = 7847 random points within the survey geom-
etry, and define the ‘scaled’ counts-in-spheres (e.g.
Scrimgeour et al. 2012):

N (< r) ≡ 1

Nq

Nq∑
i=1

N i(< r)
1
R

∑R
j=1N

i,j(< r)
, (5)

where N i(< r) is the number of neighbours of the i-th
quasar within radius r, and N i,j(< r) is the number
of points in the j-th random catalogue within radius
r from the location of the i-th quasar. This approach
maximizes the use of the data, but one should note
that using random catalogues is equivalent to assum-
ing homogeneity on the largest scale of the survey3.
Since such a scale is ≈ 6.6h−1 Gpc in our case (the
maximum distance between any pair of quasars), the
use of random catalogues would be justified as long
as we consider the scales of several hundred mega-
parsecs.

From the scaled counts-in-spheres we estimate the
fractal correlation dimension as

D2(r) =
d lnN (< r)

d ln r
+ 3, (6)

where the additional term of 3 is needed since we
have N (< r) ∝ rD2−3 when N(< r) ∝ rD2 . If
the large-scale homogeneity postulated by the cos-
mological principle holds in our quasar sample, then
we expect D2(r) → 3 as r increases. In this pa-
per, we define the homogeneity scale rh as the co-
moving length where D2(r) approaches the homoge-
neous value (D2 = 3) within 1%, i.e. D2(rh) = 2.97.
This definition was first proposed by Scrimgeour et al.
(2012) and has been commonly adopted in this field
since then.

To calculate rh, previous studies (e.g. Scrimgeour
et al. 2012, Ntelis et al. 2017, Gonçalves et al. 2018a,
Gonçalves et al. 2021) fit a polynomial function to
the estimated values of D2(r). Since we found that
a polynomial fitting yields in our case a curve that
wiggles between the data points, we use instead the
Eq. (4) for the fitting and calculate the solution for
D2(r) = 2.97:

rh = r0

(
3− γ

100γ − 3

)− 1
γ

. (7)

3In addition, all three-dimensional tests implicitly assume
large-scale homogeneity of the universe if the comoving dis-
tances are calculated by the FLRW metric. For a com-
pletely model-independent test on the cosmological principle,
see Clarkson et al. (2008).
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However, the choice of fitting function does not
change the general results.

The statistical errors are estimated by the jack-
knife resampling method (e.g. Norberg et al. 2009).
For this, we split the quasar sample into Ns = 9 sub-
volumes of approximately the same size, then create
Ns jackknife samples by omitting each of the sub-
volumes in turn, i.e. each jackknife sample contains
about 8/9 ≈ 89% of the quasars. We calculate D2(r)
and rh for each of the jackknife samples and estimate
the covariance matrix by

Cov(x, y) =
Ns − 1

Ns

Ns∑
i=1

(xi − x̄) (yi − ȳ) , (8)

where xi and yi are the statistics of interest computed

from the i-th jackknife sample and x̄ =
∑Ns

i=1 xi/Ns.

4.3. Results and discussion

Fig. 3 shows the fractal correlation dimension
D2(r) obtained from our quasar sample, where we
binned the comoving distance from 30h−1 Mpc to
300h−1 Mpc in logarithmic scale. As expected from
the cosmological principle, D2(r) approaches to the
homogeneous value (= 3) at scales r & 100h−1 Mpc.
Fitting the Eq. (4) to the derived D2(r) values for
each of the jackknife samples yields r0 = 11.0 ±
2.8h−1 Mpc and γ = 2.49±0.56, and the homogeneity
scale Eq. (7) is estimated to be rh = 136±38h−1 Mpc.
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Fig. 3: The fractal correlation dimension D2(r) obtained

for our uniform sample of quasars. The dash-dot curve is

the best fit of the Eq. (4). The dashed and solid horizontal

lines represent the homogeneous value (= 3) and a 1%
deviation from it (= 2.97), respectively.

Our results are generally consistent with those of
the previous studies (Nadathur 2013, Laurent et al.
2016, Gonçalves et al. 2018a, Gonçalves et al. 2021),
in which D2(r) of the quasars were found to reach

the homogeneous value (= 3) within 1% at r ≈ 80–
130h−1 Mpc. We note that the distribution of bary-
onic matter (hence the quasars) is biased against the
underlying dark matter distribution (e.g. Ellis et al.
2012), hence one must normally correct for the bias
when confronting the results with theoretical predic-
tions or when comparing results derived from dif-
ferent observations (Laurent et al. 2016, Gonçalves
et al. 2018a, Gonçalves et al. 2021). However, as the
bias correction is essentially a model-fitting that in-
troduces additional parameters, here we only report
the model-independent results.

Bagla et al. (2008) proposed to define the homo-
geneity scale as the comoving length at which D2(r)
reaches the homogeneous value within one standard
error (not 1%), i.e. D2(rh) = 3 − σD2

. In our
case, σD2 is the statistical errors estimated by the
jackknife resampling method, i.e., the error bars in
Fig. 3. Based on this definition and considering
only shot noise for the constituents of σD2 , Yadav
et al. (2010) showed that rh is robust against the
tracer bias and cosmic evolution, and derived a value
rh ≈ 260h−1 Mpc for the concordance ΛCDM model.
Since the actual measurements of D2(r) have larger
errors due to contributions not considered in Yadav
et al. (2010), e.g. the effects of survey boundaries and
selection function, the observed homogeneity scale
must be smaller than ≈ 260h−1 Mpc (Yadav et al.
2010, Scrimgeour et al. 2012, Nadathur 2013). In-
deed, one sees in Fig. 3 that |D2(r) − 3| < σD2

at
r & 150h−1 Mpc, thus our result obtained for the
quasars in the HCBGW region is consistent with the
prediction for the ΛCDM model.

5. FRIENDS-OF-FRIENDS ANALYSIS

Since the homogeneity scale is an average prop-
erty of the distribution of cosmic objects, a fractal
analysis may overlook giant and rare structures that
can challenge the standard cosmology. Therefore, to
complement the previous section, here we identify
large (> 150h−1 Mpc) quasar groups by the friends-
of-friends (FoF) method and study their statistical
significance following Nadathur (2013), Einasto et al.
(2014) and Park et al. (2015).

5.1. Friends-of-friends cluster finding
algorithm

The FoF method, also known as the single-linkage
clustering method in statistics, is an algorithm for
identifying groups or clusters in a point distribution.
In the FoF method, any two points are grouped if
the distance between them is shorter than a prede-
termined linking length L; if the points have already
been assigned to different groups, the two groups
are then merged. When the linking length is much
smaller than the mean nearest neighbour separation,
only identified are close pairs or compact groups that
are isolated to each other. As the linking length in-
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creases, the identified groups combine to form larger
groups, eventually converging into a single network
of filaments and walls that spans the entire volume
(called the percolation).

As in Nadathur (2013), we parametrize the linking
length as:

L = βr̄nn, (9)

where r̄nn = 63.8h−1 Mpc is the mean nearest neigh-
bour separation of the quasars in our sample. Since
our purpose here is to identify huge structures that
are larger than the homogeneity scale, and such
a structure would probably be a complex of high-
density compact groups connected by relatively low-
density regions, we can limit our attention to β ≥ 14.
On the other hand, β must be smaller than a crit-
ical value βc at which the percolation occurs . We
numerically estimated βc for our quasar sample to be
βc ≈ 1.65, where about half of the quasars join several
largest groups that almost span the entire volume.
Since the survey boundary creates a space where no
“friends” can be found, which prevents the merging of
groups, βc is slightly higher than the prediction for
a homogeneous distribution in an unbounded space
(≈ 1.57, Shandarin 1983). In this work, we consider
the three cases of β = 1, 1.25, and 1.5.

5.2. Characterizing the statistical
significance of large quasar groups

For each linking length, we identify quasar groups
with two or more members, which are characterized
by the richness Ng (the number of members) and
size Lg (the maximum comoving distance between
the members). Since we have shown in the previous
section that the homogeneity scale of the quasar dis-
tribution is rh = 136 ± 38h−1 Mpc, and our interest
is whether there are statistically significant structures
larger than this homogeneity scale, here we only con-
sider quasar groups with Lg ≥ 150h−1 Mpc. Due to
this restriction on Lg and our choice of β described
above, pairs of quasars (Lg ≤ 63.8βh−1 Mpc) are
excluded from the analyses.

For comparison with the data, we generate 10000
random catalogues with the same number (= 7847) of
points within the survey geometry. The mean near-
est comoving separation for the random catalogues is
65.0h−1 Mpc, slightly larger than that for the data
(r̄nn = 63.8h−1 Mpc) probably because of small-scale
clustering of the real quasars (e.g. Vasilyev 2008).
The FoF method is applied to each of the random
catalogues in the same way as for the real sample.

As an indicator of large-scale homogeneity based
on the FoF method, we consider the complementary
cumulative distribution (CCD) of the richness of the
identified FoF groups, φ(≥ Ng), which is the number

4Even if there were a huge collapsed structure larger than
the homogeneity scale, an FoF analysis with β = 1 would cer-
tainly find it.

of groups with richness equal to or larger than Ng;
similarly, we consider the CCD of the size φ(≥ Lg).
If the observed CCDs deviate significantly from those
of the random catalogues, it suggests that the distri-
bution of quasars is far from random on large scales.

For quantifying the deviation of a given CCD φ
from the average µ computed from random cata-
logues, we follow Park et al. (2015) and define the
statistics:

χ2 ≡ 1

Xu −Xl

∫ Xu

Xl

[φ(≥ X)− µ(X)]
2

σ(X)2
dX, (10)

where X is either Ng or Lg and σ(X) is the stan-
dard deviation of φ(≥ X) obtained from random cat-
alogues. The lower bound of the integral is taken to
be Xl = 3 for richness and Xl = 150h−1 Mpc for co-
moving size, respectively. The upper bound is chosen
such that µ(Xu) = 3 (Park et al. 2015) to exclude
the upper tail, for which it is meaningless to consider
the average and the deviation from it.

5.3. Results and discussion

Fig. 4 shows the CCDs of richness and size of
the large (Lg ≥ 150h−1 Mpc) quasar groups; our
choice of the values of β enables us to cover a wide
range of richness and size. The richest group iden-
tified for β = 1 (L = 63.8h−1 Mpc) is also the
largest in this case, with richness Ng = 18 and
size Lg ≈ 281h−1 Mpc, and is comparable to the
Large Quasar Groups (LQGs) discussed in Clowes
and Campusano (1991) and Clowes et al. (2012). For
β = 1.5 (L = 95.8h−1 Mpc), the largest groups
(Ng ≥ 100, Lg & 1h−1 Gpc) are comparable to or
even larger than the Huge-LQG (Clowes et al. 2013,
Marinello et al. 2016). For the intermediate case with
β = 1.25 (L = 79.8h−1 Mpc), the maximum richness
and size are Ng . 50 and Lg . 700h−1 Mpc, respec-
tively.

The filled areas in Fig. 4 represent 68.3%, 95.4%,
and 99.7% confidence intervals derived from the
10000 random catalogues. One sees that the observed
distributions of Ng and Lg are generally consistent
with the expectations from a homogeneous distribu-
tion. More quantitatively, Fig. 5 shows the proba-
bility density distributions of χ2 (Eq. 10) for rich-
ness (left panels) and comoving size (right panels)
of the quasar groups derived from the random cat-
alogues; we also plot vertical lines showing the χ2-
values for the observed CCDs. The probabilities of
having χ2 ≥ χ2

obs are 5.5% (β = 1), 52.9% (β = 1.25),
and 96.3% (β = 1.5) for richness, and 12.1% (β =
1), 59.9% (β = 1.25), and 72.7% (β = 1.5) for comov-
ing size, respectively. The relatively small probabil-
ities for β = 1 are due to the intrinsic clustering of
quasars on scales < 100h−1 Mpc, which is not mod-
eled in the random catalogues (Einasto et al. 2014,
Park et al. 2015). From these results, we conclude
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Fig. 4: The complementary cumulative distributions

of the richness (upper panel) and comoving size (lower

panel) of quasar groups that are identified by the FoF

method, for β = 1, 1.25, and 1.5. The filled areas are

68.3%, 95.4%, and 99.7% confidence intervals derived

from 10000 random catalogues.

that there are no statistically significant deviations
in the overall distributions of Ng and Lg.

We also study the upper tails of CCDs, which are
omitted from the previous discussion. In Fig. 4, one
may notice deviations at Ng . 20 for β = 1, Ng . 50
for β = 1.25, and Lg & 600h−1 Mpc for β = 1.25.
These features are related to the following two quasar
groups, the first one being a subset of the other:

� Group I: The richest and largest group identified
for β = 1, with Ng = 18 and Lg ≈ 281h−1 Mpc.
The average location in the sky and redshift of
the member quasars are (α, δ) ≈ (153 .◦6, 25 .◦9)
and z ≈ 1.87, respectively.

� Group II: The richest and second largest group
identified for β = 1.25, with Ng = 47 and Lg ≈
638h−1 Mpc. The average location in the sky
and redshift of the member quasars are (α, δ) ≈
(151 .◦7, 25 .◦7) and z ≈ 1.88, respectively.
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Fig. 5: The probability density distributions of χ2

(Eq. 10) for richness Ng (left panels) and comoving size

Lg (right panels) derived from 10000 random catalogues,

for β = 1, 1.25, and 1.5. The dashed vertical lines repre-

sent the values of observational data.

Fig. 6 shows the distribution of member quasars of
Group I and II, in the sky coordinates (bottom panel)
and redshifts (top panel). Of the 47 quasars belong-
ing to Group II, 18 quasars that are also members
of Group I are plotted with small dark dots. The
shaded area in Fig. 6 is the HCBGW region iden-
tified in Section 2; these quasar groups are almost
outside the region.

The probabilities of finding, in a random cata-
logue, FoF groups that are richer than Group I and
II are 2.7% (for β = 1) and 4.2% (for β = 1.25),
respectively5. These may be regarded as statistically
significant if a traditionally used (but often criticized)
p-value threshold of 5% is adopted. However, since
our analysis is based on random catalogues, in which
model quasars have no correlations on small scales

5The probability that the second largest group for β = 1.25
is equal to or larger than Group II is even lower, 0.7%, but
such an ad-hoc statistical measure should not be used without
justification.
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in the lower panel represents the HCBGW region.

(< 100h−1 Mpc) and less chance of forming rich
groups than real quasars, these probabilities would
even increase if one uses more realistic mock cata-
logues. In any case, in the context of searching for
evidence for the HCBGW, which is supposed to span
several gigaparsecs, the existence of a single over-
dense region of several hundred megaparsecs in size
is not sufficient to draw a positive conclusion.

6. CONCLUSION

The HCBGW is a gigaparsec-scale association of
gamma-ray bursts (GRBs) at redshifts 1.6 < z ≤ 2.1
(Horváth et al. 2014, 2015, 2020). It has attracted at-
tention because of its cosmological interest (Mészáros
2019, Eingorn 2016, Canay and Eingorn 2020), but
whether it is a physical structure or merely an ap-
parent pattern created by chance or other factors re-
mains an open problem (Ukwatta and Woźniak 2016,
Christian 2020, Horváth et al. 2020).

As a first attempt to search for any evidence for
the HCBGW using observational data of cosmic ob-
jects other than GRBs, we analyzed the spatial distri-
bution of quasars in the HCBGW region and tested
homogeneity on large scales. Using a volume-limited,
uniform sample of quasars constructed from the SDSS

DR7 quasar catalogue (Schneider et al. 2010, Shen
et al. 2011), we measured the homogeneity scale of
the quasar distribution to be rh ≈ 130h−1 Mpc, con-
sistent with the prediction for the ΛCDM model. We
also showed that the richness and size distributions of
large (> 150h−1 Mpc) quasar groups identified by the
FoF method are consistent with those derived from
random catalogues. Although a possible overdense
region of size 300–600h−1 Mpc was identified at red-
shift z ≈ 1.9, it is much smaller than the HCBGW
and its statistical significance is weak.

As noted in Section 3, in this work we used the
SDSS DR7 quasar catalogue in preference to the
larger area covered in the sky than to include the
quasar data added in the newer versions. As a re-
sult, the quasars in our sample are very sparsely dis-
tributed (with the mean nearest neighbour distance
r̄nn = 63.8h−1 Mpc), thus one may wonder if the
shot noise is too strong and obscures the presence of
large-scale structures. This effect, however, would
not be significant as the number density of SDSS
DR7 quasars is known to correlate well with that of
more densely distributed SDSS DR12 CMASS galax-
ies (Song et al. 2016). The effects of redshift un-
certainties (∆z ∼ 0.004 for the SDSS DR7 quasars;
Schneider et al. 2010) and peculiar motions (typically
. 500 km s−1), which influence the comoving posi-
tions of quasars, are negligible as long as we consider
the scales of & 70h−1 Mpc (Clowes et al. 2012, 2013,
Park et al. 2015).

Our main conclusion is that there is no clear ev-
idence for the existence of gigaparsec-scale inhomo-
geneities in the HCBGW region, in line with the ar-
guments of Ukwatta and Woźniak (2016) and Chris-
tian (2020) that questioned the statistical significance
of the HCBGW. As the selection function of our
quasar sample is nearly uniform in the sky (Shen et al.
2007, 2011), the results of this study are statistically
more reliable than those of the previous works, which
only used GRB data combined from different obser-
vations (Horváth et al. 2014, 2015, 2020, Ukwatta
and Woźniak 2016, Christian 2020). On the other
hand, since our sample only covers about half of the
HCBGW region (Fig. 1), from the present analyses
we can neither prove nor disprove the existence of
the HCBGW. What can be said from this study is
that the HCBGW, if it exists, does not extend to
the region we have examined. Studies using observa-
tional data covering a larger area are needed before a
definitive conclusion can be drawn as to whether the
HCBGW is a real structure.
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U svetlu skoraxǌih debata o postojaǌu
struktura reda veliqine gigaparseka mapira-
nih pomo�u gama bǉeskova, konkretno Velikog
zida Hercules-Corona Borealis (HCBGW, Herkul–
Severna kruna na srpskom), skre�emo pono-
vo pa�ǌu na homogenost u raspodeli kvazara
na velikim skalama. Nax prostorno ograniqen
uzorak kvazara na crvenim pomacima 1.6 < z ≤
2.1, dobijen iz 7. izdaǌa kataloga kvazara u
pregledu neba Sloan Digital Sky Survey, pokriva
oko polovinu regiona za koji se pretpostavǉa
da predstavǉa HCBGW. Analiziramo uzo-
rak na dva komplamentarna naqina: fraktal-

na analiza za dobijaǌe proseqne skale ho-
mogenosti i analiza ”prijateǉi prijateǉa”
za identifikovaǌe odre�enih struktura na
velikim skalama. Raspodela kvazara u pro-
seku posti�e homogenost na rh = 136 ±
38h−1 Mpc, a bogatstvo i uqestalost veliqine
(u usputnom referentnom sistemu) velikih
( >∼ 150h−1 Mpc) grupa kvazara konzistentne
su sa predvi�aǌima homogene raspodele. Ovi
rezultati ograniqavaju prostiraǌe HCBGW
ali nisu u suprotnosti sa ǌihovim postoja-
ǌem jer nax uzorak kvazara ne pokriva celu
oblast HCBGW.
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